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Abstract

Many techniques in model-based diagnosis and
other research fields find the hitting sets of a col-
lection of sets. Existing techniques apply to sets
of finite elements only. This paper addresses the
computation of the hitting sets of a collection of
sets whose elements have convex or non-convex,
bounded or unbounded continuous attributes, also
referred to as continuous extents. We assume the
conflict sets are known and we present a novel
procedure, the Continuous Hitting Set algorithm
(CHS) for transforming conflict sets of elements
with continuous extends into minimal hitting sets.

1 Introduction
Many theoretical and practical problems can partly reduce to
an instance of the minimal hitting set problem, or its close
variant the minimum set covering problem. One widely rec-
ognized application is in the field of model-based diagno-
sis [Reiter, 1987]. In this approach, a system is a tuple
(COMPS, SD,OBS); COMPS is a finite set of system
components;SD is the system description;OBS is the ob-
servation. A diagnosis is a minimal setD ⊆ COMPS such
that under the assumption that all other components are be-
having correctly,D explainsthe observation givenSD. In
the diagnosis community,D is said to be consistent withSD
andOBS. This approach to diagnosis has two steps: (i) a
collection of all minimal conflict sets is computed; (ii) the
conflict sets are transformed into diagnoses. A conflict set
s ⊆ COMPS is such that the assumption that all compo-
nents ins are behaving correctly is not consistent withSD
and OBS. A minimal conflict set is such that it does not
contain any other conflict set. Reiter showed that the mini-
mal diagnoses are the minimal hitting sets of the collectionof
minimal conflicts.

Since the beginning of model-based diagnosis, several al-
gorithms for computing the hitting sets have been introduced.
Most rely on the building of a so-called HS-DAG[Greiner
et al., 1989] or HS-tree[Wotawa, 2001] but other represen-
tations exist[Haenni, 1997; Lin and Jian, 2003]. All these
techniques transform conflict sets of discrete elements into
diagnoses. But in many applications of model-based diag-
nosis, the conflicts contain more information. This informa-

tion includes but is not limited to intervals of possible failure
time in systems with functional delays, or continuous param-
eter ranges found in fault models. For example, in systems
with delays, several conflicts may involve the same com-
ponents with different estimates of the symptom occurence
dates[Travé-Massuỳes and Calderon-Espinoza, 2007].

In this paper, we address step (ii) and assume all minimal
conflicts are given. Each conflict element is a component with
associated bounded or unbounded intervals over a continuous
line. We assume there is a single continuous attribute per
component, but this assumption has no incidence on the gen-
erality of the presented method. The problem with conflicting
component sets with continuous attributes is that minimal di-
agnoses are conditioned upon the continuous values. This is
because a minimal diagnosis corresponds to a minimal con-
tinuous region. A diagnosis in this context is a set ofk com-
ponents along with a set of bounded or unbounded regions
of ℜk. Existing algorithms are not designed to find and con-
struct these regions. A naive strategy would be to apply these
algorithms to a collection of conflicts with selected elements
of the continuous lines. However, since the hitting set prob-
lem has a worst case performance that is exponential the size
of the collection of conflicts, this would hardly prove an ef-
ficient approach. Moreover, many points that belong to the
same minimal diagnoses would be computed independently.

This paper presents a general computational method for
finding the hitting sets of a collection of conflicts with contin-
uous attributes. The algorithm is named CHS for Continuous
Hitting Sets. Starting from the classical approach, the pro-
posed solution searches the hitting sets in an aggregate space
of diagnoses. Similarly to the classical methods the CHS has
both an expansion and a pruning phases. It is shown how the
pruning phase dominates the computational effort. Simula-
tion experiments on hundreds of randomly generated conflicts
assess the main properties and the scalability of the CHS.

2 Problem Definition

2.1 Conflicts and diagnoses
We consider a tuple(COMPS, SD,OBS). COMPS is the
set of physical components composing the physical system.
OBS is a set of observations. GivenOBS, the diagnosis
operation derives all sets of faulty components ofCOMPS
that may explain the facts. In the sense of Reiter, the conflict



sets, or conflicts for short, are the sets of components which
cannot behave normally altogether according to the observa-
tions. A minimal conflict is a conflict that does not strictly
include (in the sense of set inclusion) any conflict.[Reiter,
1987] proved that minimal diagnoses can be computed from
minimal conflicts. Its main result being that minimal hitting
sets of a collection of minimal conflicts yield the minimal di-
agnoses, where a hitting set of a collection of sets is a set
intersecting every set of this collection.

Theorem 1 ([Reiter, 1987], Th. 4.4). D ∈ COMPS
is a diagnosis for(COMPS, SD,OBS) iff D is a min-
imal hitting set for the collection of conflict sets for
(COMPS, SD,OBS).

The relation above was established for conflicts as sets of
components with no attributes. Each component in a diag-
nosis hence belongs to one or more conflicts. We say a com-
ponentexplains, or equivalentlycoversthese conflicts.

Hitting set algorithm
An incremental algorithm to generate all the minimal hitting
sets based on a set of conflicts was originally proposed by
[Reiter, 1987], then corrected by[Greineret al., 1989]. This
algorithm gives a means to compute diagnoses incrementally,
under the permanent fault assumption.

The diagnosis algorithm builds a Hitting-Set tree (HS-tree)
in which all the nodes but leaves are labelled by a conflict
set. For each componentC in the conflict label of noden, an
edge labelledC joinsn to a successor node.H(n) is defined
as the set of edge labels on the path fromn to the root node.
The HS-tree is built by considering every conflict in arbitrary
order. Every new conflict is compared to every leaf of the HS-
tree, and some new leaves are built if necessary. The resulting
HS-tree is pruned for redundant or subsumed leaves before
the next conflict is considered. Pruned leaves are said to be
closed. At the end of the diagnosis procedure, the minimal
hitting sets, and hence the minimal diagnoses that explain the
system’s misbehaviors, are given by the set of edge labels
H(l) associated to the open leavesl of the HS-tree.

A water transport system example
We consider the simple example of a two reservoirs system,
pictured on Figure 1. A system consists in continuously sup-
plying water to two consume areas (o1 and o2 are the cor-
responding flows) from two cascaded geographically distant
reservoirsC1 andC2 (y1 andy2 are the water levels in the re-
spective reservoirs). The water transport between reservoirs
is modeled as an open flow channel. A hand-switch regulates
the water pressure by channeling it either through a pipeC3,
or through a pumpC4. Assume thato1 ando2 can be mea-
sured. In the full application, the system is modeled by a set
of discrete time equations that need not to be presented here.
SoCOMPS = {C1, C2, C3, C4} andOBS = {o1, o2}.

Example 1 Assumeo1 is measured and found discrepant
while water is channeled throughC3. This produces conflict
s1 = {C1, C2, C3}. Similarly, assumeo2 is measured and
found discrepant while water is pumped throughC4. This
discrepancy leads to conflicts2 = {C1, C2, C4}. This prob-
lem has three minimal diagnoses given by the hitting sets for

Figure 1: Example 1 & 2: a water transport system (Example
1: with no delays; Example 2: with delays).

{C1, C2, C3} and{C1, C2, C4}: D1 = {C1}, D2 = {C2},
D3 = {C3, C4}.

2.2 Continuous generalization of conflicts and
diagnoses

In many real-world applications, the conflicts contain more
information than the components. Thus an attribute to a com-
ponentC in a conflict can be any additional piece of informa-
tion, either temporal, such asC has been faulty for at most
four units of time, or functional, such asC is faulty with a
certain parameter in value range[a, b]. Taking such infor-
mation into account necessitates an extension to the existing
framework.

Continuous extent
To begin with,[Dressler and Freitag, 1994] define the tem-
poral extentTE(α) of a propositionα as the set{t |
α holds att}. Following the literature, let us denote the fact
thatC ∈ COMPS is faulty by the predicateAB(C). Then
TE(AB(C)) is the set of time points at whichC is faulty.
Unfortunately this approach is limited to points in a contin-
uous space. In application, attributes come in more general
forms. Consider a continuous spaceX of finite dimension.
We adopt a more general approach to modeling continuous
information in the model-based diagnosis framework. In this
novel formulation, a proposition attribute can be any point,
interval (bounded or unbounded) or set of intervals (convex
or non convex), withinX . We name this extension thecon-
tinuous extentCE(α) of a propositionα.

Definition 1 (Continuous extent). The continuous extent of a
propositionα, CE(α), denotes the continuous region{Ω ∈
X | α holds inΩ}.

We use the following notation: given an intervalI ∈ X , CI

is a short way to representCE(AB(C)) ⊆ I.

Example 2 Consider again the exemple on Figure 1, and
consider the additional temporal information.τ1 between the
two reservoirs andτ2 between the pump and reservoir1 are
the transport time delays, withτ1 ≥ 0, τ2 ≥ 0. Water tra-
verses a reservoir in1 unit of time. In this example, the in-
formation on the failure time of a componentC, relatively



to the current time, is a continuous extent of the proposition
AB(C).

Conflicts and diagnoses with continuous extents
In context, each componentCi of COMPS operates over
a continuous linexi, wherei is the component index. This
line is a continuous extent line that supports the component
failure time, or any fault related parameter or state variable
values. In case where it is bounded, it is referred as the con-
tinuous extent domain ofCi. ThusX =

⊗M

i=1 xi whereM
is the number of components inCOMPS. Here we assume
there is a single continuous extent linexi per componentCi.
This assumption allows to simplify notations, but it has no
incidence on the generality of the formalism and the compu-
tational method proposed in this paper.

We assume componentCi in a conflicts has a known uni-
dimensional failure intervalIs

i ⊆ xi. Following definition
1, CiIs

i
denotes a failure ofCi within interval Is

i . To sim-
plify notationsCij wherej is a real or an integer denotes
Ci[j,+∞[. A conflict of cardinalityk defines a continuous

region
⊗k

i=1 Is
i that is a hypercube ofℜk. Given a collec-

tion S of conflicts, a diagnosis of cardinalityk is a tuple
(D,X) whereD andX are the discrete elements and asso-
ciated continuous extents, respectively. Thus a minimal di-
agnosisD = {C1, · · · , Ck} with continuous extent defines a
minimal continuous regionX =

⊗k

i=1 Ii that is a hypercube
of ℜk. This region is equivalently referred to as the minimal
continuous extent of diagnosisD, or a minimal continuous
diagnosis.

Example 2 (continued). Assumeo1 is measured and found
discrepant while water is channeled throughC3. By trac-
ing back the system’s delays, this produces conflicts1 =
{C11, C2τ2+1, C3τ2+1}. This is becauseo1 discrepant im-
plies thatC1 was faulty at least a unit of time ago, and/or
C2 and/orC3 at leastτ2 + 1 units of time ago. Similarly,
assumeo2 is measured and found discrepant while water
is pumped throughC4. This discrepancy leads to conflict
s2 = {C1τ1+1, C21, C4τ1+τ2+2}.
Then,(D1,X1) = (C1, x1 ∈ [τ1 +1,+∞[) and(D2,X2) =
(C2, x2 ∈ [τ2 + 1,+∞[) are two diagnoses.(D1,X1) as-
sumesC1 has been faulty long enough, i.e. for at least
τ + 1 units of time, so it can explain both conflictss1 ands2.
(D3,X3) = ({C1, C2}, x1 ∈ [1, τ1 + 1[∪x2 ∈ [1, τ2 + 1[)
assumes that (i)C1 has not been faulty for long enough so
that it can explains2; (ii) C2 has not been faulty for long
enough so that it can explains1. Overall, there are three more
diagnoses that in Example 1:

(D4, X4) = ({C1, C4}, x1 ∈ [1, τ1 + 1[∪x4 ∈ [τ1 + τ2 + 2, +∞[)

(D5, X5) = ({C3, C2}, x2 ∈ [1, τ2 + 1[∪x3 ∈ [τ2 + 1, +∞[)

(D6, X6) = ({C3, C4}, x3 ∈ [τ2 + 1, +∞[∪x4 ∈ [τ1 + τ2 + 2, +∞[).

Proposition 1. Given a collectionS of conflicts, a diagnosis
(D,X) is such that

X ⊆
k

⊗

i=1

[
⋂

s∈S∗

i

Is
i ] (1)

whereS∗

i ⊆ S is the subset of conflicts that areexplainedby
Ci.

Proof. Consider a collectionS of conflicts. Then for every
componentCi ∈ D, there are three non-exclusive cases:

1. It exists at leasts st. Is′

i ⊆ Is
i , for all s′ ∈ S. In this

case,Ci explains all conflicts inS with Ii =
⋂

s∈S∗

i
Is
i

andS∗

i = S.

2. ∃s ∈ S, s′ ∈ S st. Is
i 6= Is′

i andIs
i ∩Is′

i = I with I 6= ∅.
In this case

Ci explains







s ands′ for Ii = I andS∗

i = {s, s′},

s for Ii = Is
i − I andS∗

i = {s},

s′ for Ii = Is′

i − I andS∗

i = {s′}.

3. theIs
i are all disjoints for alls ∈ S. In this case,Ci

explains conflicts iff Ii = Is
i andS∗

i = {s}.

It follows that minimal diagnoses are either such thatIi =
⋂

s∈S∗

i
Is
i , in case 1 and 3, andIi ⊂

⋂

s∈S∗

i
Is
i in cases 2.

SinceX =
⊗k

i=1 Ii, it comes (1).

The relation (1) is a consequence of having conflicts with
overlapping continuous extents. This proposition conditions
diagnoses upon regions that are smaller than the continuous
extent in each conflict.

Example 2 (continued). Consider diagnosis(D3,X3) =
({C1, C2}, x1 ∈ [1, τ1 + 1[∪x2 ∈ [1, τ2 + 1[) for
the conflicts s1 = {C11, C2τ2+1, C3τ2+1} and s2 =
{C1τ1+1, C21, C4τ1+τ2+2}. Proposition 1 applies:C1 ex-
plainss1, andC2 explainss2, with x1 ∈ [1, τ1+1[⊂ [1,+∞[
andx2 ∈ [1, τ2 + 1[⊂ [1,+∞[.

Reiter’s main result applies to the extended representation.

Theorem 2. (D,X) is a diagnosis for
(COMPS, SD,OBS) iff D and X are minimal hit-
ting sets for the collection of conflict sets with continuous
extent for(COMPS, SD,OBS).

Example 2 (continued). There are six diagnoses that
are the hitting sets for the conflicts with continu-
ous extentss1 = {C11, C2τ2+1, C3τ2+1} and s2 =
{C1τ1+1, C21, C4τ1+τ2+2}:

(D1, X1) = (C1, x1 ∈ [τ1 + 1, +∞[)

(D2, X2) = (C2, x2 ∈ [τ2 + 1, +∞[)

(D3, X3) = ({C1, C2}, x1 ∈ [1, τ1 + 1[∪x2 ∈ [1, τ2 + 1[)

(D4, X4) = ({C1, C4}, x1 ∈ [1, τ1 + 1[∪x4 ∈ [τ1 + τ2 + 2, +∞[)

(D5, X5) = ({C3, C2}, x2 ∈ [1, τ2 + 1[∪x3 ∈ [τ2 + 1, +∞[)

(D6, X6) = ({C3, C4}, x3 ∈ [τ2 + 1, +∞[∪x4 ∈ [τ1 + τ2 + 2, +∞[).

Here diagnosis{C1} explains both conflicts iffx1 ∈ [τ1 +
1,+∞[. Otherwise,{C1} cannot explains2. Therefore an
additional component is needed for a diagnosis to explain the
conflicts whenx1 ∈ [0, τ1 + 1[. Also, the attentive reader no-
tices that{C1}, {C2}, {C3, C4}, the diagnoses previously
obtained on Example 1 with no continuous extent are present
in the solution above. However, three new diagnoses have



been found:{C1, C2}, {C1, C4}, {C3, C2}. Obviously,
these diagnoses are the consequence of the presence of ad-
ditional information in the form of continuous extents. To
each minimal diagnosis corresponds a minimal region ofX .

By characterizing diagnoses with continuous extents, Theo-
rem 2 provides the basis for the computation of diagnoses.
Therefore, finding the minimal diagnoses and associated min-
imal continuous regions is the aim of the continuous exten-
sion to the HS algorithm that is presented in the next section.

3 Generating Diagnoses from Conflicts with
Continuous Elements

3.1 Solution Approach
The original hitting set algorithm considers conflict sets with
discrete elements only. It looks for singletons in each con-
flict set. The algorithm cannot condition the diagnoses upon
the different continuous failure points of a component. As
briefly shown in the previous section, doing this significantly
enlarges the number of diagnoses. It follows that the diffi-
culty we address in this paper is the potentially huge size of
the space of diagnoses over continuous regions. The reason
for this size is the existence of continuous variables. The hit-
ting set algorithm is exponential in the number of conflict el-
ements so the number of potential diagnoses is staggering.

Underlying the diagnoses are the conflicts, each being ex-
plained by the failure of a component in certain regions of its
continuous line. It follows that the dimension of the continu-
ous space is the total number of different components in the
set of conflicts. In general we assume the continuous space
dimension to be equal to the number of components in the
system. The challenge is thus to apply the hitting set algo-
rithm to this continuous state-space. Our solution to address
this issue is to search for minimal diagnoses in anaggregate
space of diagnoses. This space is represented by a directed
acyclic graph (DAG) in which there is a node for each poten-
tial diagnosis discrete element. In other words, each node of
our DAG represents a continuous region in which the discrete
diagnosis element is the same. Given such a partition of the
continuous space, the CHS uses a DAG structure to build the
minimal continuous diagnoses that are the hitting sets of the
collection of conflicts with continuous extents.

To take advantage of the aggregated representation of the
space, the standard HS algorithm must be modified in im-
portant ways. In particular, there is no longer a unique cor-
respondence between a node and a diagnosis(D,X). Each
node of the DAG now supports the continuous diagnoses in
X that have an identical discrete elementD. A consequence
is that different conflicts can be explained in different regions
of a node’s continuous region. To address this problem and
find the hitting sets, the nodes of the DAG receive a set of
functions of the continuous spaceX that allow to map differ-
ent conflicts to different continuous regions. This reflectsin
the more complex data structures required by the CHS.

In summary, a simple way of understanding the CHS al-
gorithm is as a variant of the HS algorithm where for every
conflict, candidate diagnoses with identical discrete elements
are expanded in unison. The main difference with the HS is
threefold:

• In the standard HS-tree, a single diagnosis is associated
with each node. In the CHS, multiple diagnoses are as-
sociated with a single node.

• The CHS produces a DAG instead of a tree.

• Nodes are often simultaneously a leaf and a node in the
interior of the DAG. This is a consequence of having
different conflicts explained in different continuous re-
gions of the same node. In particular, this happens when
a part of the aggregated diagnoses do explain all con-
flicts, while another part does not.

3.2 Data Structures

The main data structure represents a noden. Given a set of
conflictsS, it contains:

• A diagnosisH(n) that is a set ofkn edge labels, i.e.
components.

• A regionXn of continuous diagnosis elements. It rep-
resents the continuous lines of the components inH(n),
Xn ⊆ ℜkn .

• Openn(.) → {0, 1}: the Open function. For each
x ∈ Xn, Openn(x) indicates whether(n, x) explains all
conflicts inS. The open region ofn is notedΩn = {x ∈
Xn|Openn(x) = 1}. A diagnosis is either opened or
closed. Note that we don’t refer to open or closed nodes;
instead we refer to diagnoses associated with nodes as
being open or closed.

• δn(., .) the explanation function. For x ∈ Xn ands ∈
S, δn(s, x) indicates whethers is explained by(n, x).
Formally,

δn(s, x) =

(

1 if ∃CiIs
i

st. Ci ∈ s ∩ H(n) with x ∈ Is
i ,

−1 otherwise.
(2)

3.3 The CHS algorithm

Algorithm 1 presents the main procedure.

Expansion (lines 9 to 12):
For a noden and a conflicts:

An(s, x) =

{

{C ∈ s|C 6∈ H(n)} if δn(s, x) = −1

∅ otherwise
(3)

is the set of discrete conflict elements that canexpand(n, x).
At each iteration, CHS expands a diagnosis(n, x) if it doesn’t
explain the conflicts. An important distinction between HS
and CHS is that in the latter, nodes are often partially ex-
panded. This means not all conflicts are explained by some
diagnoses(n, x) of noden. The catch is that only those(n, x)
that do not explain all conflicts are expanded, and closed after
expansion.

Computing the explanation functions (lines 10 & 4):
Each newly expanded(n, x) must be updated. This consists
in recomputing its explanation function (Eqn (2)).



1: Root node such thatH(Root) = {} andΩRoot = ℜM ,
for M components inSD.

2: for all conflict setss ∈ S do
3: for all (n, x) such thatOpenn(x) = 1 do
4: if δn(s, x) = 1 then
5: For all C ∈ H(n) ∩ s, add the pair(n, x) to

oldleaves[C].
6: else
7: for all CIs ∈ s do
8: if An(s, x) containsC then
9: Expand(n, x) by adding an edge labelled

with C and successor aggregated nodes
(

n′, x′ = (x, y)
)

with y ∈ Is.
10: Computeδn′(s, x′), open / close(n′, x′) ac-

cordingly.
11: Add the pair(n′, x′) to newleaves[C].
12: Close the expanded(n, x).
13: for all C in s do
14: for all leaf (n, x) of newleaves[C] do
15: if H(n) containsH(n′) andΩn containsΩn′ for

some(n′, x′) in oldleaves[C] then
16: Close(n, x).

Algorithm 1: CHS algorithm.

Opening & closing of continuous regions (line 10):
The algorithm proceeds by leaving open the regions of the
continuous space that explain all conflicts, and by closing
the others. Similarly to the original HS, the CHS has an
expansion phase and a pruning phase. In the expansion
phase,(n, x) is closed if it has been expanded, or if∃s st.
δn(s, x) = −1 andAn(s, x) = {}. In the pruning phase,
(n, x) is closed if it is subsumed by some other node(n′, x′)
such thatH(n′) ⊆ H(n) andΩn′ ⊆ Ωn. For every new
conflict s and every elementC of the conflict, the algorithm
builds two lists,newleaves[C] andoldleaves[C] , which are
then compared. Closed regions of a given node cannot be
reopened. This is easily seen since closed regions contain
points that do not explain all conflicts. Therefore these re-
gions are expanded into new nodes. The(n, x) that remain
opened after all conflicts inS have been processed are the
minimal diagnoses.

Example:
Consider the two conflicts of example 2.1. Figure 2(a) pic-
tures the CHS structure after the expansion ofs1. Expansion
of s2 leads to the closing of the subregion1 ≤ x1 < τ1 + 1
of node 1, and closes node 3, see Figure 2(b). Node 2 is
unchanged since after step 4,δ2(s, x2) = 1 for all open
x2 ≥ τ2 + 1, leavingA2(.) empty. The pruning phase closes
nodes and regions. A noden is closed whenever for allx,
Ωn(x) = ∅ for all x ∈ Xn. Node 6 is closed as it is subsumed
by node 1. Similarly, node 2 subsumes some continuous re-
gions of nodes 4 and 7, that are thus closed. Node inclusions
are represented with dashed edges on Figure 2(c).

DAG:
The CHS produces a DAG. There exist multiple paths from
the Root node to some other nodes. Note that the DAG struc-

Root

1 2 3

C1 C2 C3

Ω1 = {x1 ≥ 1} Ω2 = {x2 ≥ τ2 + 1} Ω3 = {x3 ≥ τ2 + 1}

(a) Expansion ofs1.

Root

1 2 3

C1 C2 C3

4
5

6 7 8

C2
C4 C1 C2 C4

Ω1 = {x1 ≥ τ1 + 1} Ω2 = {x2 ≥ τ2 + 1}

Ω4 =
{1 ≤ x1 < τ1 + 1}

∪{x2 ≥ 1}

Ω5 =
{1 ≤ x1 < τ1 + 1}

∪{x4 ≥ τ2 + τ1 + 1}
Ω6 =

{x1 ≥ τ1 + 1}
∪{x3 ≥ τ2 + 1}

Ω7 =
{x2 ≥ 1}

∪{x3 ≥ τ2 + 1}

Ω8 =
{x4 ≥ τ2 + τ1 + 1}
∪{x3 ≥ τ2 + 1}

(b) Expansion ofs2.

Root

1 2 3

C1 C2 C3

4 5 6 7 8

C2 C4 C1 C2 C4

Ω1 = {x1 ≥ τ1 + 1} Ω2 = {x2 ≥ τ2 + 1}

Ω4 =
{1 ≤ x1 < τ1 + 1}
∪{1 ≤ x2 < τ2 + 1}

Ω5 =
{1 ≤ x1 < τ1 + 1}

∪{x4 ≥ τ2 + τ1 + 1}

×
Ω7 =

{1 ≤ x2 < τ2 + 1}
∪{x3 ≥ τ2 + 1}

Ω8 =
{x4 ≥ τ2 + τ1 + 1}
∪{x3 ≥ τ2 + 1}

(c) Pruning after expansion ofs2.

Figure 2: Expansion and pruning.

Root

1 2

C1 C2

Ω1 = [0, 1] Ω2 = [0, 1]

Root

1 2

3

C1 C2

C2 C1

Ω3 =
{{x1 ∈ [0, 1]} ∪ {x2 ∈ [τ2 + 2, +∞[}}

∪{x1 ∈ [τ1 + 2, +∞[} ∪ {x2 ∈ [0, 1]∪}}

Figure 3: CHS produces a DAG. Left: expansion of
s1 = {C1[0,1], C2[0,1]}. Right: expansion ofs2 =
{C1τ1+2, C2τ2+2}, τ1 ≥ 0, τ2 ≥ 0, & pruning.

ture allows disjoint diagnosis regions to be aggregated in the
same node (see Figure 3).



3.4 Handling Continuous Variables
Computationally, one challenging aspect of the CHS is the
handling of continuous variables. As previously mentioned,
for n, and H(n) of cardinality kn, Xn ⊆ ℜkn . In algo-
rithm 1, the expansion phase replicates the continuous state-
space of a father noden into a child noden′, such that
Xn ⊂ Xn′ ⊆ ℜkn+1. In practice it is possible to maintain
a single multidimensional space inℜM whereM is the to-
tal number of components inSD. In this space, each conflict
is a hypercube of dimension≤ M . Step 2 of the CHS can
be implemented as an intersection of all conflict hypercubes.
This results into a partitioned hypercube of dimensionM .
Remaining operations translate into a labelling/unlabelling of
the cube regions with the diagnoses of open nodes. In imple-
mentation we use bsp-trees and the intersection operator in
[Friedmanet al., 1977].

3.5 Properties
Theorem 3 (Soundness of CHS). Let S be a set of conflict
sets, andT a CHS-DAG obtained by using the CHS with node
closing and pruning. For any open noden of T , (H(n),Ωn)
is a minimal hitting set forS.

Proof. Steps 4 and 8 ensure that any open(n, x) is a hitting
set: it hits every conflict. It remains to show that(n, x) is
minimal. Assume that(n, x) is not minimal. Then it exists an
open node(n′, x′) that is such thatH(n′) ⊆ H(n) andΩn′ ⊆
Ωn and that is not inT . The CHS builds nodes from sets
to supersets. Thereforen′ must have been generated before
n and must be inT . So there is an′ such thatH(n′) ⊆
H(n). Thus eithern or some other noden′′ was expanded
from n′. This means there exist somex′ ∈ X ′ such that they
do not explain all conflicts inS. But in this case, the(n′, x′)
are closed, either expanded or subsumed. Thus thex′ are
not in Ωn′ . So by contradiction of the assumption,(n, x) is
minimal.

Theorem 4(Completeness of CHS). LetS be a set of conflict
sets, andT a CHS-DAG obtained by using the CHS with node
closing and pruning. For any minimal hitting set(H∗,X∗),
there exists an open noden of T such that(H(n),Ωn) =
(H∗,X∗).

Proof. Assume(H∗,X∗) minimal hitting set of sizek. Then
there must bek components overS conflicts such that for ev-
ery conflicts ∈ S, s∩H∗ 6= ∅. By construction of the DAG,
for each conflicts CHS updates open nodes whose intersec-
tion with s is not empty, and expands all other open nodes
(n, x). So given the consideration above, there exists a path
from the Root node to(H∗,X∗). This path goes through
successively created nodes. However, all these nodes must
be closed either: i/after being expanded into other nodes;
ii/if subsumed by some other nodes, which is impossible if
(H∗,X∗) is minimal. So(H∗,X∗) marks the end of the path
and is opened. In casek = 0, the Root node is the returned
solution.

Alike the HS, CHS is incremental and takes conflicts in
any order. Searching for all hitting sets of a given set is NP-
complete, and the worst case performance of the standard HS

∅

× ×
1 0

C1, C2 × C2, C3 C3, C4

100 0 110011

C1, C3 C1, C4

10 01

(a) Leaves
(C1,C2),(C1,C4),(C1,C3),(C2,C3),-
(C3,C4) of example 1 before
pruning.

insertion lookup table
edge key lookup

1 1 continue
1 0 continue
0 0 continue
0 1 stop

(b) Insertion lookup table.

Figure 10: P-tree storage.

is in the order of2M . In fact, the observed performances
are usually well under this theoretical bound but more real-
istic bounds of the HS performances are difficult to obtain.
For the CHS, three cases can be distinguished, where in each
conflict: i) each component has a single failure point; ii) each
component has a single failure interval; iii) each component
has disjoint failure intervals. The complexity of mixturesof
these situations lies within the theoretical bounds for i),ii)
and iii).

AssumeM components over a set ofK conflicts. The
number of occurence of componentm over all conflicts is
noted0 ≥ fm ≤ K. In case ii), form, the maximum num-
ber of intervals over all conflicts is2fm − 1. This corre-
sponds to the case where all intervals form in conflicts do
intersect with each others. Each intersected region thus ex-
plains a different subset of conflicts, and corresponds to dif-
ferent nodes of the CHS-DAG. Consequently an upper bound
to the worst case performances is given by

∑M

m=1[2fm−1]+
(

M
2

)
∏

mi,mj
[2fmi

− 1][2fmj
− 1] + · · ·+

∏M

m=0[2fm − 1].
With it, bounds on cases i) and iii) can be easily expressed

by considering unbounded intervals, and a fixed number of
intervals per component, respectively.

4 Computational Improvements
In this section we propose two computational improvements
to the CHS algorithm. One improves on the pruning compu-
tational efficiency, and the second yields a controlled approx-
imation.

4.1 Efficient Implementation of the Pruning Loop
A dominant source of complexity of the CHS is the final clos-
ing of leaves (lines 13 to 16). The CHS creates new leaves
for each conflict. In the worst case, there aremd newly cre-
ated leaves whered is the number of leaves before expan-
sion andm ≤ M . Thus a naive implementation leads to a
procedure that requiresO(d2m) inclusion checks (step 15).
We develop a tree-based data structure that supports fasterin-
clusion checks. The basic idea is to dissociate the inclusion
check of the discrete element of diagnoses from the continu-
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(500 runs).
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Figure 9: Minimal discrete diagnoses.

ous set inclusion check. By using an adaptation of the PATRI-
CIA tree (P-tree)[Morrison, 1968], the (n, x) in newleaves
are grouped based on their discrete componentn in a P-tree.
The newly created leaves of the CHS-DAG are located in the
leaves of the P-tree. The P-tree stores noden with anM -bit
key where biti is positive ifCi ∈ H(n). Figure 10 depicts
such a tree for thenewleaveslist of example 1.

Insertion cost isO(M) bit checks for each new leaf. A
special operator performs an inclusion lookup for a noden′

that returns alln such thatH(n′) ⊆ H(n). For anM -bit
key withk0 negative bits and inclusion lookup table 10(b), an
inclusion lookup costs2k0

positive bit checks, andM − k0

negative bit checks per explored tree branch, so total cost is
O(2k0

(M − k0)) bit checks. Clearly, the advantage is that
with this storage structure, the inclusion lookup does not de-
pend ond or the number of conflicts. Thus in practice we ob-
serve a good speed-up of the pruning loop that improves the
CHS scalability. See the result section for empirical details.
The inclusion test is performed for each of theoldleavesele-
ments. The continuous inclusion check is performed on those
new leaves that are returned by each inclusion lookup.

4.2 Generating Relevant Diagnoses

In Artificial Intelligence it is important to study the genera-
tion of approximated results. Here the idea is developed that
some nodes of the CHS DAG are more important than others.
Suppose that each componentC has a probability distribu-
tion p

(

AB(C)|x
)

of failing overx. The probability of a node

(n, x) is:

pn(x) =
∏

Ci∈H(n)

p
(

AB(Ci)|x
)

(4)

and the probability ofn is:

pn =

∫

Ωn

pn(x)dx. (5)

The CHS algorithm can be easily adapted to the computation
of the most relevant minimal diagnoses. Given a numberǫ
between 0 and 1, the nodes(n,Ωn) with pn < ǫ are closed.

5 Experimental Evaluation
The CHS was implemented and tested extensively through
simulation experiments. Overall, it yields fast results for
spaces under 10 dimensions, but doesn’t scale favorably well
beyond. The main results are drawn from a set of 500 runs
of the CHS forM = K = 6 components and conflicts. The
simulation settings were as follows. Each conflict has a ran-
dom size. Each component in a conflict comes with a random
interval that is generated by picking up two integers between
0 and 100.

This section reports on the reactions of the CHS. The con-
tinuous diagnoses are the open continuous leaves of the CHS-
DAG and their number is the total number of minimal di-
agnoses. The discrete diagnoses are the open nodes of the
CHS-DAG. Both numbers theoretically grow exponentially
with the total number of conflict elements. This is visible on
Figure 4 despite the fact that our experiments were limited to
small numbers of components. In consequence the CHS has



expanded many of the discrete diagnoses after just a few con-
flicts (Figure 5). The DAG structure in the aggregate space of
diagnoses allows the minimal continuous diagnoses to con-
tinue to grow after all discrete diagnoses have been expanded
(Figure 4).

The complexity analysis has shown how the number of oc-
curence of a component in conflicts plays a crucial role. This
is clearly confirmed on Figure 6. The explosion of the num-
ber of minimal continuous diagnoses is a direct consequence
of the NP-complete nature of the problem. Figure 7 shows the
minimal discrete diagnoses are distributed differently. This is
due to the DAG structure: given a mean integerf of mean oc-
curences overM components, this number is always smaller
than

∑f

i=1

(

M
i

)

. That is, the number of minimal discrete di-
agnoses is at most all combinations off and fewer compo-
nents.

Based on a second set of experiments we aimed to eluci-
date the scaling properties of the approach wrt. the continu-
ous dimensions. These experiments are runs withM ranging
from 1 to 11,K = 4, and conflict random intervals in[0, 10].
The results are graphically depicted on figures 8 and 9. The
exponential response of the number of minimal continuous
diagnoses appears clearly.
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Figure 11: Expansion vs. pruning.

In practice it was not possible to run the CHS in reasonable
time on problems with more than 10 or so continuous dimen-
sions. The limitation stems mainly from the pruning phase
that dominates the computational effort (Figure 11). In worst
cases however, the pruning loop continues to require up to
several billions inclusion checks of continuous sets.

6 Conclusion
We have presented the CHS algorithm, a solution to finding
the minimal hitting sets of a collection of finite sets whose el-
ements have continuous extents. The algorithm uses an DAG
representation in an aggregate space of diagnoses. CHS is
based on the same dual mechanism as the classical hitting set
algorithms: it has an expansion phase and a pruning phase.
To our knowledge CHS is the first computational method to
produce minimal diagnoses conditioned over continuous re-
gions. In practice however, CHS exhibits an unfair behavior:
it expands high numbers of potential diagnoses in little time
and spends most of its time pruning out a large fraction of

them. It is an open problem how to better tackle this compu-
tational cost.
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Massuỳes and G. Calderon-Espinoza. Timed fault
diagnosis. InEuropean Control Conference (ECC-07),
2007.

[Wotawa, 2001] F. Wotawa. A variant of reiter’s hitting-
set algorithm.Information Processing Letters, 79:45–51,
2001.


